Abstract -Electrophoresis is one of the most important methods for separating colloidal particles, carbohydrates, pharmaceuticals, and biological molecules such as DNA, RNA, proteins, in terms of their charge (or size). This method relies on the correlation between the particle drift velocity and the charge (or size). For a high-resolution separation, we need to minimize fluctuations of the drift velocity of particles or molecules. For a high throughput, on the other hand, we need a concentrated solution, in which many-body electrostatic and hydrodynamic interactions may increase velocity fluctuations. Thus, it is crucial to reveal what physical factors destabilize the coherent electrophoretic motion of charged particles. However, this is not an easy task due to complex dynamic couplings between particle motion, hydrodynamic flow, and motion of ion clouds. Here we study this fundamental problem using numerical simulations. We reveal that addition of salt screens both electrostatic and hydrodynamic interactions, but in a different manner. This allows us to minimize the fluctuations of the particle drift velocity for a particular salt concentration. This may have an impact not only on the basic physical understanding of dynamics of driven charged colloids, but also on the optimization of electrophoretic separation.
Recently, motion of particles driven by external fields has attracted considerable attention from both fundamental and application viewpoints [1] [2] [3] . The motion of a single charge-free particle in a simple liquid under an external field is well understood: in a steady state, the mobility is determined by the balance between the viscous frictional force and the driving force (Stokes' formula). For many-particle systems, however, long-range hydrodynamic interactions among particles often lead to complex and even chaotic particle motions, even in the Stokes regime. Such phenomena are observed in sedimentation of colloids under gravity. For this problem, the velocity fluctuation at position r is estimated as ∆v 2 = φ n dr {u(r − r )} 2 , where φ n is the particle number density, u(r − r ) represents the velocity at position r produced by a particle at r . For uncharged colloids, the flow field behaves as u ∼ |r − r | −1 . Thus the integral of ∆v 2 does not converge to a finite value for an infinite system; in other words, it depends upon the cell size L. Even for a charge-free colloidal suspension, thus, (a) E-mail: tanaka@iis.u-tokyo.ac.jp there remain controversial problems due to many-body hydrodynamic interactions [4] [5] [6] [7] [8] [9] .
For most colloidal and biological problems, charge also plays a key role in the stability and the dynamics of dispersions. The behavior of a charged-particle system is far more complicated than that of a charge-free one. A particularly important problem is the motion of charged colloids driven by an external electric field, which underlies electrophoresis, electrophoretic deposition, and electrophoretic display. Furthermore, one of the most established methods for obtaining physical information on charge-stabilized colloids, such as the ζ-potential and the structure of electrical double layers, is to apply electrokinetic procedures [10] [11] [12] [13] [14] . Without proper understanding of the dynamics of driven charged colloids, thus, it is even difficult to make any reasonable characterization of a charged colloidal system using such procedures.
The simplest estimate of the motion of a particle driven by an electric field E is again based on Stokes' formula: ZeE = 6πηav, where Z is the number of charges per particle, e is the electronic charge, a is the particle radius, η is the viscosity of the medium, and v is the particle 18004-p1 velocity. In this picture, the mobility of a particle is given by Hückel formula µ = v/E = Ze/(6πηa). However, this simple picture breaks down under a strong electric field even for a single particle, and quite severely for a system of a finite concentration associated with manybody hydrodynamic interactions.
Electrophoretic motion of charged colloids has been studied intensively beyond the above simple picture [15] [16] [17] [18] [19] [20] [21] . However, our understanding of the dynamics of colloidal suspensions is still limited despite these efforts. This is primarily due to the coexistence of long-range Coulomb and hydrodynamic interactions. In charged colloidal dispersions, particle motion, fluid motion, and small ion motion are dynamically coupled: particle motion induces flow of the surrounding liquid, and thus leads to motion of ions floating in the liquid, which further modifies electrostatic interactions between the particles. An electric field makes the situation even more complex since it exerts the force not only on particles but also on ions. For example, the direction of the force acting on counter ions is opposite to that acting on particles, which induces the fluid motion opposite to the direction of the particle motion. This not only reduces the effective force acting on a particle, but also localizes the resulting hydrodynamic flow around it. Thus, the problem of electrophoresis is an extremely difficult dynamic many-body problem. In this letter, we study this problem by using a fluid particle dynamics (FPD) simulation method [22, 23] for charged colloidal suspensions [24] .
To describe the dynamics of charged colloidal suspensions, we need to properly treat couplings among the three relevant variables: particle positions, ion clouds, and hydrodynamic flow of a liquid component. Although numerical simulations are very powerful tools to understand their dynamics [25] [26] [27] [28] , there are only a few works, which are able to deal with many-particle systems [24, 29] . Here we explain our numerical method [24] based on the fluid particle dynamics (FPD) method [22, 23] . The key of our FPD method is to treat a solid colloidal particle as an undeformable fluid particle. We express the fluid particle i using a function φ i (r) as
where a is the particle radius and ξ is the interfacial width. For the spatial distribution of particles given by {r i }, the viscosity field can be expressed as η(r) = η s + i (η c − η s )φ i (r), where η s is the viscosity of the fluid surrounding particles and η c is the viscosity inside the particle. Then the time evolution of v is described by the following Navier-Stokes equations:
where ρ is the density. In this study, we do not impose thermal force noise [23] . In the above, we assume that the density of colloidal particles is the same as that of a liquid, namely, ρ is a constant in space. Pressure p is determined to satisfy the incompressible condition ∇ · v = 0. In the FPD method, the force F (0) i acting on particle i is transformed into a continuous force field on-lattice
where V = drφ i (r). The time evolution of the position of particle i, r i , is described by the average fluid velocity inside the particle,
This is the framework of the original FPD model. It should be noted that the fluid particle approximation becomes exact in the limit of η c /η s → ∞ and ξ/a → 0. Now we introduce charges into the above model. We denote the concentration and valence of ion species α by C α and z α , respectively. We express the charge density localized in the surface region of particle i as
where Z i is the number of charges per particle i. The total charge density is then expressed as
In this letter, we consider a system composed of positively charged colloids and two types of ions (+ and −). The charge neutrality condition is then given by dr(z + C + + z − C − +Zφ n ) = 0. Here φ n is the total particle number density: φ n = Σ β φ β n , where φ β n is the particle number density of colloid species β.Z is the number-averaged charge over particle species β:Z = Σ β Z β φ β n /φ n . The salt concentration C s is given by the spatially averaged value of C + . The electrostatic potential Ψ satisfies the Poisson equation, r 0 ∇ 2 Ψ = −ρ e , where r is the relative dielectric constant and 0 is the permittivity of vacuum. The time evolution of the ion concentration field C α is described by
where
is the flux of the ion α induced by the gradient of the chemical potential µ α . D α is the diffusion constant of the ion α. k B is Boltzmann's constant and T is the temperature. The effective chemical potential µ α is expressed as
Here the first term comes from the translational entropy of ions, the second one from the electrostatic contribution, and the third one from the penalty for the ions entering the inner region of the particles. χ α is a parameter describing the interaction between the ions and the particles, which is artificially introduced to prevent the
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Physical principle for optimizing electrophoretic separation of charged particles ions from penetrating into the particles. The force field F in eq. (1) is expressed as
Here, the first term stems from the direct body force F (0) i acting on the particles, while the second one stems from the electrostatic interaction and the external field. Note that
should not contain the Coulomb interaction since that is already included in the second term. For simplicity, we assume that the only non-electrostatic body force acting on particle i is the following steric repulsion from the other particles:
7/6 a, where U 0 is the strength of the potential. Equation (1) together with the incompressible condition ∇ · v = 0 properly describes the dynamics of charged colloidal suspensions.
We take the length and time unit as l 0 = be 2 /(4π 0 k B T ) and t 0 = l 2 0 /D, respectively. For b = 1, l 0 corresponds to the Bjerrum length of the vacuum. By changing the value of b, we can change the actual size of colloids. In this way, we can simulate a system of different colloidal size with the same computational cost. In our problem, the most important physical parameter is κa, where
To keep this quantity invariant for the change of colloid size a, we set the unit of ion concentration to b/l 3 0 and the total charge per particle to bZe. We also scale the electric potential by Ψ 0 = k B T /e. Throughout this letter, all the physical values are scaled by the above unit parameters.
In this study, we set ξ = l 0 and discretize the space by l 0 . We solve the kinetic equations by an explicit Euler method, using a time increment ∆t = 0.01. Equation (1) is solved by the Marker and Cell (MAC) method using a staggered lattice. To solve the pressure in eq. (1) and electric potential Ψ (the Poisson equation), the successive-over relaxation (SOR) is employed. Since the Reynolds number should be small in our problem, we repeat the calculation of eq. (1) so as to satisfy |ρ(∂/∂t + v · ∇)v| < 10 −2 |F|, without updating r i and C α . The particle parameters are set as U 0 /(k B T ) = 250 and χ α = 50. Other physical parameters are T = 300 K, η = 10 −3 Pa · s, D = 10 −9 m 2 /s and r = 80. Thus, the units of our simulation are length l 0 ≈ 56b nm, time t 0 ≈ 3.1b 2 µs, and electric field E 0 = 4πΨ 0 /( r l 0 ) ≈ 7.3b −1 kV/cm. The salt concentration is changed in the range of 0 C s 9.6b −2 µM. We consider only mono-valence ion species: z + = −z − = 1. The simulations are performed in a 64
3 box for three-dimensions (3D), and in a 256
2 square for 2D. The scaled particle radius is set as a = 3.2 for 3D, and as a = 6.0 for 2D. Now, we study the electrophoretic behavior of colloidal liquids, using the FPD simulation. Figure 1(a) plots the κa-dependence of the average mobility µ = |v|/E (v: average velocity) of pariciles under the external field E. We confirmed that the mobility is almost independent of E. The mobility monotonically decreases with an increase in the salt concentration, because the ζ-potential of a particle is reduced by adding salt: ζ ∼ Ze/{4π 0 r (1 + κa)a} [11] . The dashed curve is the theoretical prediction of the cell model [20] , which assumes a regular distribution of particles. The mobility estimated by our simulation is consistent with the prediction for 0.5 κa, where particles are dispersed rather homogeneously (see below). For larger κa( 1), the simulated mobility deviates slightly from the theoretical curve. However, this comes simply from the lack of a numerical resolution, since the Debye screening length κ −1 becomes comparable to the interface thickness of our fluid particle, ξ = 1, in that regime. We confirmed that employing a larger particle (a = 6.04) with the same ξ removes this problem and our results recover the prediction of the cell model (see open squares in fig. 1(a) ). For κa 0.5, on the other hand, the mobility obtained by our simulation is much faster than the prediction of the cell model. If we assume a regular configuration, the electric double layers of particles should overlap with each other below κa < (Φ −1/3 − 1) −1 , which is estimated as 0.32 for Φ = 1.4%. This leads to the violation of the assumption made in the cell model [21, 29] . fig. 1(b) . The color of each particle represents the degree of deviation from the average particle velocity, (vz − |v|)/|v| (see the color bar). The images at the bottoms of each figure represent the distribution of vz at the plane x = 0 and the arrows are the flow field v at y = 0. See also the corresponding movies fig2a.mpg, fig2b.mpg, fig2c.mpg, fig2d.mpg. Figure 1(b) shows the κa-dependence of the scaled mean velocity fluctuation, ∆v/|v|. The scaled mean velocity fluctuation increases with the field strength, reflecting the more chaotic nature of the particle motion (see below). In all the curves, the scaled mean velocity fluctuation initially decreases and then increases with κa. Namely, the velocity fluctuations are minimized for a particular value of κa, κ t a. We can also see that (κ t a) −1 increases with an increase in E (see fig. 1(c) ).
To see the velocity fluctuations more clearly, here we show the distribution of particle velocity and the flow fields in fig. 2 . With an increase in E, the magnitude of the flow field and amplitude of velocity fluctuations significantly increase. For high E the flow field around a particle is strongly coupled with those of surrounding particles. This hydrodynamic coupling is the cause of the chaotic behavior of the driven particles. For a high salt concentration, on the other hand, the flow fields are more localized around each particle and thus the coupling is less significant. We can also see that particles can approach more closely for a higher salt concentration, since the electrostatic repulsion is more screened. That is, the addition of salt leads to the screening of both electrostatic and hydrodynamic interactions.
We have also performed 2D simulations to see interparticle hydrodynamic interactions and effects of salt on them more visually. Note that hydrodynamic effects are more pronounced in 2D rather than 3D and furthermore the screening of hydrodynamic flow by salt is more significant in 2D (see below for the details). Figure 3 shows patterns of the spatial distribution of driven particles and the flow field, which are simulated in 2D. We can clear see that particles tend to follow other particles along the direction of particle motion (i.e., along the electric field): slip-stream effects. Although the strength of hydrodynamic interactions is different bewteen 2D and 3D, the basic physical mechanism behind the chaotic particle motion is the same.
Here we consider the mechanism theoretically. Since it is not easy to treat the finite size of a particle analytically, here we regard a charged colloid as a point-like charge Ze, which is a good approximation in the far-field (or dilute) limit. Then the Fourier transformation of the charge density field is obtained asĈ(q) = −κ 2 Z/(q 2 + κ 2 ), wherex means the Fourier component of x. The Stokes equation for a particle is approximated as
This yields the following flow field in Fourier space [30] :
Assuming that only the isotropic part of v contributes to u (see the introduction for its definition), we obtain u(r) ≈ ZeE exp (−κr)/(6πηr) for 3D. Then, the velocity fluctuation is given as ∆v 2 ∼ φ n (ZeE/η) 2 /(18πκ). For 2D, on the other hand, we obtain u(r) = ZeEK 0 (κr)/(2πη), where K 0 (x) is the 0th Bessel function with an imaginary argument. Thus, the velocity fluctuation in 2D is given by ∆v 2 ∼ (1/4π)φ n (ZeE/ηκ) 2 . This indicates that the velocity fluctuation of charged particles immersed in an electrolyte solution does not diverge unlike the charge-free (non-screening) case for both 3D and 2D. The velocity fluctuation should decrease with an increase in a salt concentration as ∆v
for 3D. Thus, the screening of hydrodynamic flow by salt is more significant in 2D. The above relation for 3D explains the dependence of the scaled mean velocity fluctuation on κ below κ t (see the solid line in fig. 1(b) ).
Next we consider the salt effects on the electrostatic interaction and the electrophoretic motion. With an increase in the Coulomb repulsion, the potential well created by the particle neighbors gets steeper, which leads to the suppression of the positional and velocity fluctuation. Figure 1(d) shows the radial distribution function g(r) of particles driven by E = 1. For a small κa, g(r) has a distinct correlation peak, reflecting the fact that particles cannot approach to each other due to Coulomb repulsion. The peak position is correlated with the average distance between nearest-neighbor particles, d = (3/4πφ n ) −1/3 . This peak of g(r) becomes lower and broader with an increase in κa. For a large enough κa, the peak disappears and g(r) becomes flat for r/(2a) 1. For large κa, thus, the electrostatic interaction is not strong enough to prevent particles from approaching one another. Such behavior can be seen, e.g., in fig. 2(b) . When the distance between two particles becomes short enough, their motion is strongly coupled; for example, when a pair of particles lie along the field, their averaged velocity is larger than that of a single isolated particle. This hydrodynamic pairing mechanism also enhances the velocity fluctuations. We stress that salt screens both the hydrodynamic and electrostatic interaction, but the effect is stronger for the latter. As will be shown below, this plays a key role in the optimization of the electrophoretic separation.
The electrostatic potential around a particle having a total charge Ze is approximated as Ψ(r) = Ze exp[κ(a − r)]/{4π 0 r (κa + 1)r} and the resulting internal electric field is E i = −∇Ψ. As noted above, the velocity fluctuations are induced by the external field E but suppressed by the internal field E i . So we can estimate the threshold electric field E t , above which the particle distribution is significantly affected by hydrodynamic interactions, from the condition of
where k is a non-dimensional constant and estimated as k ≈ 0.22 from our simulation result (see fig. 1(c) ). Since E t decreases with an increase in κa, a colloidal dispersion with larger κa becomes inhomogeneous more easily under a given applied field. We can also obtain the threshold screening parameter κ t a for a given E, where the scaled mean velocity fluctuation ∆v/|v| is minimized. Below κ t (E), particles moves relatively homogeneously and the velocity fluctuations can be reduced by adding salt. Above κ t (E), on the other hand, the scaled mean velocity fluctuation increases with an increase in the salt concentration because the electrostatic interaction becomes too weak. We show κ t (E)a by the arrows in fig. 1(b) . The E-dependence of (κ t a) −1 is consistent with the above prediction, as shown in fig. 1(c) . This tells us that at κ t the electrophoresis is optimized for given E and d (i.e., Φ).
Finally, we check the validity of our optimization principle. Figures 4(a) and (b) show the electrophoretic behavior of a dispersion composed of two species of particles (Z = 500 and 1000). At t = 0, the particles are placed on the plane z = 5. Under the field (E = 1), the particles drift along it. As time elapses, the two separate bands of particles are formed and their widths increase with time for both cases. Although the electrostatic repulsion between particles contributes to this broadening of bands, we confirmed that hydrodynamic interactions play a major role. The particle bands for (a) (κa = 0.50) are much broader than those for (b) (κa = 1.8). Figures 4(c) and (d) show the temporal fluctuations of the particle drift velocity, v z , for particles which are homogeneously distributed in a simulation box at t = 0, and their distributions are plotted vertically on the right ends. The average velocity of particles of Z = 1000 is roughly two times faster than that of particles of Z = 500, as expected 1 . For a suspension with low salt concentration (κa = 0.50; (c)), the particle velocity fluctuations are large and the distributions of the two types of particles overlap with each other. For a suspension with high salt concentration (κa = 1.8; (d)), on the other hand, the velocity fluctuations are small, and thus the distributions of the two types of particles are well separated. This supports our optimization principle of electrophoretic separation: For a salt concentration of κ t , the velocity fluctuations are minimized.
Here we consider practical relevance of our results to capillary electrophoresis. Capillary electrophoresis is popularly used as a powerful clinical diagnostic tool for profiling, screening, and detecting drugs, carbohydrates, lipids, enzymes, proteins, and nucleic acids. If we set b = 0.2, our simulation condition corresponds to colloidal particles of 71 nm diameter with charge of 60-200 e, salt concentration of 0-2.4 × 10 −4 M, and the electrical field strength of 0-73 kV/cm. The electrical field strength is rather high, but still lower than that used for ultrafast separation [31, 32] . Our simulation box corresponds to 0.71 µm, which is smaller than the typical width of a capillary. Thus the simulation mimics the behavior of capillary zone electrophoresis far from a capillary wall [32] . Our simulations cannot access a regime of slow particle motion simply because it takes a too long time to simulate a long-time dynamic behavior. Nevertheless, we believe that our theoretical estimation of E t (eq. (3)) can be applied to a parameter region that is inaccessible by simulations; for example, we can estimate the optimum electric field E t minimizing velocity fluctuations to be E t ∼ 8.5 V/cm for an aqueous suspension that contains 0.5% particles (50 nm diameter and charge Z = 300) and brine of 2 × 10 −3 M. Thus, the conclusion derived in this letter should be relevant for practical applications.
In summary, we studied the physical principle for minimizing the velocity fluctuations of charged colloidal particles driven by an electric field. We found that the addition of a certain amount of salt minimizes the fluctuations of particle drift velocity in electrophoresis. We gave a simple physical explanation to this. Our finding may contribute to the realization of electrophoretic separation with higher resolution and throughput, e.g., reliable and efficient clinical diagnosis, beyond trial and error. * * *
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